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Width of the cloud droplet spectrum in warm clouds is an 
important parameter.

It affects transfer of solar radiation through a cloud 
and collision/coalescence that leads to rain formation…

Effective radius re:              Gravitational droplet collisions:



(Jensen et al. JAS 1985)

observed, 
adiabatic fraction 
AF ≈ 1; σr=1.3 μm 

observed, AF ≈ 0.8; 
σr=1.8 μm 

observed, AF ≈ 0.8; 
σr=1.3 μm 

calculated adiabatic 
spectrum; σr=0.1 μm 

observed,  AF ≈ 1; 
bimodal

Observed cloud droplet spectra in cumulus averaged over ~100 m (1 Hz, FSSP data):



(Pawlowska et al. GRL 2006)

Observed cloud droplet spectra in stratocumulus  averaged over ~10m (10 Hz, Fast FSSP):
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Paper #1, JAS 1989



cloudy volume

Macroscopic approach: mean thermodynamic conditions 
– supersaturation in particular – applied to all droplets…

<T>, <qv>, S=S(<T>, <qv>) 

droplets not to scale



water vapor flux

heat flux

molecular transport

Microscopic approach: each droplet experiences different mean 
thermodynamic conditions – supersaturation in particular…

droplets not to scale



Paper #2, JAS 1989

“Eddy hopping” term was first used in Grabowski and Wang, ARFM 2013…



Chandrakar et al. JAS 2021

Trajectories of selected “super-droplets” arriving at a given location (different in right 
and left panels) above the cloud base. Example of “eddy hopping” at the cloud scale…

Can “eddy hopping” in a turbulent cloud lead to increase of spectral width even if there 
is no cloud dilution (i.e., AF close to 1)? 

“Eddy hopping” term was first used in Grabowski and Wang, ARFM 2013…



Can small-scale turbulence explain the width of the 
droplet spectra in undiluted cloudy volumes? 



If we use direct numerical simulation (DNS) to simulate 
small-scale homogeneous isotropic turbulence with 
cloud droplets, then (in reference to the two papers):

- droplets follow different trajectories through a 
turbulent cloudy volume (Cooper)

- each droplet grows in conditions of its immediate 
environment (Srivastava) 



DNS grid volumes

~ 1 mm

Droplets not to scale: 
10 micron = 0.01 mm !

1 mm

~100 m



Can small-scale turbulence explain the width of the 
droplet spectra in undiluted cloudy volumes? 

JAS 2001

JAS 2002



Direct numerical simulations (DNS) of homogeneous isotropic turbulence with cloud droplets 
growing by the diffusion of water vapor for conditions relevant to cloud physics (ε=160 cm2s-3)

z vorticity magnitude 

(contour  15 s-1)

r=15 micron

r=20 micron

r=10 micron

Vaillancourt et al. JAS 2002Note the domain size: about 1 liter…



Main conclusion: centimeter-scale turbulence 
has a small effect for the diffusional growth… 

Vaillancourt et al. JAS 2002

no sedimentation

no droplet inertia



Why does the domain size matters?

What to do to have something like DNS but with a larger domain?



!T/!t + div (u T) = – g/cp uz

!qv/!t + div (u qv) = 0

low TKE – red
high TKE – green

- Domain size affects magnitude of supersaturation fluctuations.
- TKE dissipation has an insignificant impact.
- Reynolds number (i.e., 643 versus 1283 simulations) has an insignificant impact.

low TKE: eddy dissipation 10 cm2 s−3 
 
high TKE: eddy dissipation 1000 cm2 s−3 

Grabowski et  al. (JAS 2022a)

643 versus 1283

Simulations without droplets and with no mean ascent:

L

“Implicit LES” simulations 
of homogeneous isotropic 

turbulence…



In turbulent simulations, often the key issue is about the Reynolds 
number Re. Re depends on the resolved range of scales, from the 

TKE input scale L to the TKE dissipation scale 𝜂.

𝐿
𝜂
	~	𝑅𝑒!/#

This is only marginally relevant to the problem considered here as the 
largest scales dominate the supersaturation fluctuations…



Lanotte et al. JAS 2009



Lanotte et al. JAS 2009

L=0.064 m

L=0.128 m

L=0.256 m

L=0.512 m Non-turbulent 
parcel: constant R2 
standard deviation; 

𝜎R
2 = const 
𝑑R2

𝑑𝑡
	~	𝑆	



initially monodisperse droplets with radius of 13 microns

~ t1/2

Theory and simulations with droplets and with no mean ascent:

no mean ascent:  <R> = const

no turbulence:             = const



Sardina et al.  (PRL 2015)

Politovich and Cooper JAS 1988

When phase relaxation time is small compared to the turbulence time scale:

      T0  ~ L / E1/2

then                                 
~ 1 sec

~ t1/2.



Sardina et al.  (PRL 2015)



Why the t1/2 scaling still applies when this condition is not valid? 



Thomas et al. ACP 2020



2563 DNS

2563 scaled-up DNSs

L=256 m

L= 25.6 m
L= 2.56 m

ε = 10 cm2 s-3

1 - DNS
2- scaled-up DNS

L= 0.256 m

Thomas et al. ACP 2020



Evolution of the 
droplet distribution and 

variance of radius 
squared in scaled-up 

2563 DNS simulations 
with domain sizes L 

increasing from 2.56 m 
to 64 m. A small 
ensemble with 

different multiplicities 
is run for each L.

L = 12.8 m

Thomas et al. ACP 2020



Is there anything we have not yet considered?



periodic box infinite box

t2

t2
t1

t1  < t2 < t3 

t3

t2
t1

t3

Is there anything we have not yet considered?



𝜕T/𝜕t + div (u T) = Lv/cp Cd – g/cp uz
𝜕qv/𝜕t + div (u qv) = - Cd

𝜕𝑆/𝜕t + div (u S) = A uz – S/𝜏

S≈ A uz 𝜏



In a periodic domain, droplets can circulate the domain 
and continue growing/evaporating…



In the stochastic model, we have not considered droplet vertical position…

e.g., Bartlett and Jonas QJ 1972,
Grabowski and Abade JAS 2016



2

~ S

E - TKE 
    -  Gaussian random number

Stochastic model for droplet growth by condensation 
and following droplet position in the vertical:

keeping track of height changes: z(t+𝛿t) =z(t) + w’ 𝛿t



all droplets

only  droplets inside –L/2 and L/2

L = 10 m; ε = 10 cm2 s-3

t1/2 



TKE dissipation of 10 cm2 s-3

TKE dissipation of 1000 cm2 s-3

L = 1 m

L = 10 m L = 100 mL = 1 m

L = 10 m L = 100 m

t1/2 



So where does the t1/2 scaling come from?



So where does the t1/2 scaling come from?

The dispersion of droplets in turbulence is the same 
as in a random walk model (e.g., Brownian motion). 

The droplet displacement standard deviation in such a 
case continuously increases with the t1/2 scaling (e.g., 

Einstein 1905; Smoluchowski, 1907).



TKE dissipation of 10 cm2 s-3

L = 1 m

L = 10 m

L = 1 m

L = 10 m

L = 100 mL = 100 m

TKE dissipation of 1000 cm2 s-3

t1/2 

standard deviation of the droplet height

t1/2 



TKE dissipation: 10 cm2 s-3   L: 100 m

2 min 4 min

all droplets

only  droplets inside –L/2 and L/2

t1/2 



radius squared standard deviation radius standard deviation 

One can derive the true impact of eddy hoping 
by removing the mean vertical gradient of the droplet radius



radius squared standard deviation radius standard deviation 

Lanotte et al. JAS 2009



Where do we go from here? 

The way forward:

Realistic high-resolution cloud simulations (grid length of ~10 m and 
higher) with Lagrangian particle-based microphysics (super-droplet 

method, SDM, Shima et al. QJ 2009 and others) that includes the 
impact of both resolved and subgrid-scale turbulence (the latter 
included through the stochastic modeling) on diffusional and 

collisional growth of cloud droplets (e.g., Chandrakar et al.)…



Recent ASD project lead by MMM’s Kamal Kant Chandrakar:
Simulations of an isolated cumulus congestus (CAMP2Ex)

Domain size: 12 km x 12 km x 11 km 
(1600 pt x 1600 pt x 1465 pt)

Grid spacings: dx = dy = dz = 7.5 m

Super-particles: 64 per grid box (non 
precipitating) and 62 (precipitating)

Aerosols: bimodal lognormal 
distribution of (NH₄)₂SO₄; 639.7 cm-3; 

vertically varying

mean radius 



         

Recent ASD project lead by MMM’s Kamal Kant Chandrakar:
Simulations of an isolated cumulus congestus (CAMP2Ex)

mean radius spectral width 



         

Recent ASD project lead by MMM’s Kamal Kant Chandrakar:
Simulations of an isolated cumulus congestus (CAMP2Ex)

spectral width 

~ cloud base

SDs data averaged over 
53 grid boxes (37.53 m3)



         

Recent ASD project lead by MMM’s Kamal Kant Chandrakar:
Simulations of an isolated cumulus congestus (CAMP2Ex)

spectral width 

SDs data averaged over 
53 grid boxes (37.53 m3)



         

Recent ASD project lead by MMM’s Kamal Kant Chandrakar:
Simulations of an isolated cumulus congestus (CAMP2Ex)

spectral width 

SDs data averaged over 
53 grid boxes (37.53 m3)



Summary:

Understanding droplet spectral broadening due to diffusional growth in turbulent 
environments attracted significant attention of turbulence community in recent decades. 

DNS, scaled-up DNS, and stochastic models have been used to show the impact of 
turbulence in undiluted cloudy volumes on the adiabatic droplet spectral width.

Theoretical analysis suggests that the droplet area (radius squared) standard deviation 
should continuously increase in time with the t1/2 scaling. This has been confirmed in 

several investigations of droplet population growth in isotropic homogeneous 
turbulence. It follows that the droplet spectra in undiluted volumes should continuously 

broaden above the cloud base as the updraft carries droplets upwards.

However, those idealized studies feature a fundamental flaw of periodic domains that 
allow droplets to circulate in the vertical. If droplet vertical spread is taken into 

account, the spectral width saturates. The t1/2 scaling simply comes from the droplet 
position standard deviation as in the random walk model.

Analysis of realistic high-resolution cloud simulations (grid length of ~10 m) applying 
Lagrangian particle-based microphysics helps further quantify the impact of turbulence 

(resolved + subgrid-scale) on droplet spectral evolution in simulated clouds.


