
Problem 3a
Prove using the Einstein summation convention:

∇ · (a× b) = b · (∇× a)− a · (∇× b)

Index notation for the quantities used

∂i ≡
∂

∂xi
u · v = uivi

(u× v)i = εijk ujvk

∇ · v = ∂ivi

(∇× v)i = εijk ∂jvk

εijk = εjki = εkij (cyclic), εijk = −εjik (swapping two indices), ∂mεijk = 0.

Left-hand side

∇ · (a× b) = ∂i (a× b)i def. of divergence

= ∂i
(
εijk aj bk

)
def. of cross product

= εijk ∂i
(
aj bk

)
εijk is constant

= εijk

[
(∂iaj) bk + aj (∂ibk)

]
product rule

= εijk (∂iaj) bk︸ ︷︷ ︸
(I)

+ εijk aj (∂ibk)︸ ︷︷ ︸
(II)

Term (I)

(I) = εijk (∂iaj) bk

= bk εijk ∂iaj reordering factors (scalars)

= bk εkij ∂iaj εijk = εkij (cyclic permutation)

= bk (∇× a)k def. of curl: (∇× a)k = εkij∂iaj

= b · (∇× a) def. of dot product

Term (II)

(II) = εijk aj (∂ibk)

= aj εijk ∂ibk reordering factors (scalars)

= aj
(
− εjik

)
∂ibk εijk = −εjik (swapping i ↔ j)

= − aj εjik ∂ibk

= − aj (∇× b)j def. of curl: (∇× b)j = εjik∂ibk

= − a · (∇× b) def. of dot product



Combining the results

∇ · (a× b) = (I)+ (II)

= b · (∇× a) +
(
− a · (∇× b)

)
= b · (∇× a)− a · (∇× b) ■


