


ATMOSPHERE
A MULTI-COMPONENT MULTI-PHASE SYSTEM

Gaseous constituents: major gases with fixed proportions by volume (dry air)

— Nitrogen N, 78.08%

— Oxygen o, 20.95%

— Argon Ar 0.934%
99,96%

Variable vapors and minor gases:

— Carbon dioxide (CO,)

— Neon, Helium, Nitrous Oxide, Ozone, Methane, Sulfur compounds, organics

— Water vapor (0 —4 % by volume)

Water marks influences atmospheric motion in the lower atmosphere on all temporal
and spatial scales for two main reasons:

— It readily changes phase, thereby significantly affecting the local temperature through latent
heat release or absorption.

— It fosters diverse and complex interactions with radiant energy.
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In cloud physics, we consider:

— Dry air: a gas mixture consisting primarily of nitrogen and oxygen, with all other
constituents present in negligible quantities. Its molar mass is 28.96 g/mol.

— Water: a substance that can exist in three physical phases: vapor, liquid, and ice.
— Moist air: a mixture of dry air and water vapor.

— Moist atmosphere: a system comprising dry air alongside water vapor, liquid water,
and/or ice.
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SUBSCRIPTS NOTATION

d dry air

v water vapor

[ liquid water

[ solid water (ice)

C condensate

t total water (irrespective of phase)

S saturated state, or process

e equivalent (all condensate) reference state
4 liquid-free (all vapor) reference state
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DESCRIPTION OF MAJOR CONSTITUENTS
OF THE ATMOSPHERE

Total mass of the system: m = my + m, + m; + m;
— d—dryair
— v —water vapor
— [ —liquid water

— [—ice

To describe the amount of matter, we use:
— Specific mass: g, = m,./m
 |tis useful in a thermodynamic description of an equilibrium system (the

normalizing mass is invariant as long as the basic flow describes the motion of
the dry air).

— Mixing ratio: ,, = m,./my
* It is helpful when considering the possibility that different components of a
mass element have their own velocities.
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In cloud physics we distinguish between:

— equilibrium condensed phases associated with clouds, which evolve with the
thermodynamic state in a nearly reversible way, and

— larger hydrometeors which evolve in an irreversible way

* Larger hydrometeors, like raindrops and most forms of ice, develop through
irreversible microphysical processes such as the collision and coalescence of
water droplets.

* These are more difficult to approximate as equilibrium phases. Because they
are larger, non-equilibrium phases of water in the atmosphere are also more
dilute and short-lived.

The present lecture (Thermodynamics) focuses mostly on reversible thermodynamic

processes.
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THE CONTINUUM & LOCAL EQUILIBRIUM
ASSUMPTION

Thermodynamic systems in local equilibrium are conceptualized as mass elements,
commonly referred to as air or fluid parcels.

Formally, this concept is valid for mass elements that are sufficiently small to occupy a
spatial scale much smaller than that of macroscopic thermodynamic variations

(Limacro), Yet large enough to remain significantly greater than the mean free path of
the molecules (4,,01)-

Amol < Lparcel < Lmacro

Diffusion rapidly homogenizes the atmosphere on scales smaller than the Kolmogorov
length scale

n=3/e)t/*
— v -viscosity of the atmosphere, ¢- turbulent dissipation rate
* In vigorous cumulus clouds: € = 0.05m?/s3, v =1.5-10">m?/s

— 1 = 0.5 mm,; this is several thousand times larger than the mean free path of an

air molecule, making the concept of an air parcel a useful one. .
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DILUTE NATURE OF THE CONDENSATE

Typically, the specific cloud water content (or the mixing ratio) within a cloud is less
than 1 g kg~!, which is significantly lower than than the specific humidity of water
vapor.

What is the volume fraction of the liquid water condensate?

Vi _my pa

Va p1 my

kg kg my kg
=1—=; =103 —; —=10"3—=
Pd m3 P1 m3 my kg
!
— =10"°
Va
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The dilute/discrete nature of the condensate can conflict with the concept of an
equilibrium thermodynamic system, as the condensate is not continuously distributed
on the Kolmogorov scale.

In the presence of the condensate (droplets, ice) that is not continuously distributed,
the concept of an air parcel must be expanded.

One often imagines an air parcel as being on the scale of around 1 m3.

Strictly speaking, volumes of air this large cannot be assumed to have a uniform
temperature, but the error introduced by this approximation is typically much smaller
than those associated with other approximations invoked in the description of such
systemes.
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SUBSCRIPTS NOTATION

d dry air

% water vapor

[ liquid water

[ solid water (ice)

C condensate

t total water (irrespective of phase)

S saturated state, or process

e equivalent (all condensate) reference state
4 liquid-free (all vapor) reference state
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GAS PHASE DESCRIPTION

Vapor pressure, e — partial pressure of water vapor [mb, hPa]

Absolute humidity, p,, = 1/v,, — concentration of water vapor [kg/m?]

Specific humidity, g, — the ratio of the masses of vapor and mixture, [kg/kg, g/kg]

o= P Py
m p patopy

e e
qy = € E—

p—(1—ge p

One can analogically define:

mgy

specific dry air mass:  9d = m

Cloud Physics (2026-2027) Thermodynamics

B e B e
Pv =R T~ R,T
_Pa _pP—e
Pa = R T~ R,T
R
e=-2~0622
Ry
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GAS PHASE DESCRIPTION...

Mixing ratio, r;, —the ratio of the masses of vapor and dry air [kg/kg, g/kg]

my Py
‘r‘v:—:—
Mg  Pa

e e

T, =¢& ~ £—

p—e¢€ p

One can analogically define:

dry air mixing ratio: rg=—=1

Cloud Physics (2026-2027) Thermodynamics

B e B e
Pv =R T~ °R,T
_Pa _DP—e
Pa =R T~ R,T
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The mixing ratio is approximately equal to the specific humidity

my, my dv

Y, = = = =
" mg m-m, 1-gq, T

The specific humidity (g,,) and the mixing ratio (7;,) can often be used interchangeably.

Both are conserved for an individual parcel outside of condensation regions.

By contrast, measures of absolute concentration such as e and p,, change for an

individual air parcel due to changes in its pressure, even if the mass of vapor remains
fixed.

Cloud Physics (2026-2027) Thermodynamics
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Relative humidity (f) is defined as the ratio of the actual partial water vapor pressure
(e) to the saturation vapor pressure (e;).

B e
 es(T)

f

It can be approximated as the ratio of the actual water vapor mixing ratio (7;,) to the
saturation mixing ratio (7).

v
TS (pr T) B qS (p; T)

IR

f
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SPECIFIC HUMIDITY IN THE PRESENCE OF
A CONDENSED PHASE

m, m, V 4
Qv = = /=
m mg+m,+mg |4
<
g, = Pv
v m
pd+pv+7c -
(‘
ce
= —e(1—8)+eeqc
P % <
ge
— 1 —
CIU p—e(l —8)( qC) _

B e B e
Pv =R T~ R,T
_pa _p—e

Pa =R T~ R,T

V=V +V.~V

my,  myRqT

V., =
7 py

e

me € mg fe (
V. R4T m, RuT q,

Specific condensate mass g, = % is of order of 10™* — 1073

Cloud Physics (2026-2027) Thermodynamics
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EQUATION OF STATE

Assuming an air parcel to be composed of an ideal mixture of ideal gases, potentially in the
presence of condensate, the equation of state is that of an ideal gas of variable composition:

myR m,R
ad ”) Ry =287 K 'kg~'  R,= 461K kg

p=pgte= ("ot

Defining the density of the air parcel (including the condensate) as p = m/V,
where m = my + my, + m,

_ ded + vav

p = - pT = (qqR4 + quR,)pT

allows to formulate the equation of state as:! p = pRT | R is a state-dependend gas constant
R =q4Rq + quR,=(1 — qy, — qc)Rq + q,Ry, = R4l1 + €q, — q.]

m=mg+m,+m, /m g,:(R

v
——1) ~ (0.608
1=q4+q,+qc R,
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DENSITY TEMPERATURE, VIRTUAL
TEMPERATURE

To avoid dealing with a state-dependent gas constant, we define a density temperature, T,

T, = T(1+ 0.608q, —q.) Here, the +0.608q,, term represents the buoyancy-
enhancing effect of the lighter water vapor, while the -q.
term represents the weight-loading (buoyancy-reducing)

p = PRy Tp effect of the suspended condensate droplets.

In the absence of water, the density temperature reduces to the air temperature.

It can be interpreted as the temperature that a dry air parcel would have if it possessed
the same density and pressure as the given moist air parcel.

In meteorological literature, the density temperature in the absence of condensate
(q. = 0) is commonly called the virtual temperature.

T,=T(1+¢€'q,) =T + 0.608q,)
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BUOYANCY

For a given pressure, the density temperature uniquely determines the air density,
making it a crucial parameter for calculating buoyancy.

p =p/RqT,

The buoyancy (b) of a fluid parcel is governed by the density difference between the
parcel (p) and its ambient environment (reference state; pg).

P — Po
Po
Assume that, locally, the density is expressed as a perturbation from a reference state

density (pg): p=po+p’

b=—g

Linearizing the equation of state (p = pR,T)) yields:
po+p' = (po+pIRa(Tp, +T;) /po
P _ P’
pO /Tpo

Cloud Physics (2026-2027) Thermodynamics
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BUOYANCY

!/ !/ TI
p _ P 4P
Po Po Tp,

Neglecting the pressure perturbation term ( p’ = 0) allows us to directly equate the
relative density deficit to the relative density temperature excess:

The approximation of buoyancy using density temperature rests on the assumption that
relative pressure perturbations are much smaller than relative density perturbations
(Ip"/pol < |p'/pol). 1t is the basis for the anelastic approximation.

It is equivalent to the assumption that the parcel's pressure adjusts instantaneously
to the environmental pressure (p = py).
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CLAUSIUS-CLAPEYRON
EQUATION

* UNIVERSITY
OF WARSAW

NS
TS
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B. McNoldy, 2000

p (mb)
4

221000

1013
6.11

A 4

0 100 374 T (°C)

Condensed water (liquid or ice) in the atmosphere is typically in equilibrium with water
vapor (i.e., the air parcel is saturated).

The Clausius-Clapeyron equation relates this equilibrium vapor pressure to the

temperature of the heterogeneous system.
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CLAUSIUS-CLAPEYRON EQUATION

The Clausius-Clapeyron equation relates the equilibrium saturation vapor pressure
(es) directly to the temperature (T) of this heterogeneous system:

des  Leg
dT R,T?2

where:
e, is the saturation vapor pressure,
T is the absolute temperature,
L is the latent heat (of vaporization L,, or sublimation L),
R, is the individual gas constant for water vapor.
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The Clausius-Clapeyron equation
de; Lyeg
dT R,T?

can be easily integrated:

L, = const = L,, — latent heat at T;=273,16K

(es) Lvo(l 1)
Inl—)|=——=——
€50 R, \T T,

Cloud Physics (2026-2027) Thermodynamics

e, (hPa)

80 1 T T T
6or e, if L,=const=L,, -
40} -
20 -
0 M B B
-40 -20 0 20 40
T (C)
Ty = 0°C

L‘UO — 25 ° 106 ]/kg
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The Clausius-Clapeyron equation

80 —r 1 T T T
des;  Lyes
dT  R,T? I ]
v 60 e, if L,=const=L,, _
can be easily integrated: e, if Luy=Lot+Ack(T—T,)
E . s Iv Iv,0 V]
£ 40} -
L, = const = L,, — latent heat at T;=273,16K CHE |
€ Lo/l 1 20 F .
()=t -
€50 R, \T T,
B le0(1 1)1 ol
€s = €s0€XpP R, \T T, ~40 -20 ; (()c) 20 40
L, = Lyo + Ac(T —T,), where Ac = ¢, — ¢; = const = 2317é Ty, = 0°C
: (es)_ LvO—AcT()(l 1)+Acl T es0 = 611 Pa
e/~ R, \T T R, T )
A Lyo = 2.5-10%"/,,
T\ /Ry Lyo—AcTy /1 1
es=elr) ew |- (7 )

Cloud Physics (2026-2027) Thermodynamics
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The Clausius-Clapeyron equation

80 ————T———————
deg  Lyes - 0
dT ~ R,T? e
v 60_- e, if L,=const=L,,
can be easily integrated: e, if Ly=Lyo+Acs(T—T,) -1
E . s Iv Iv,0 0 E
S 40 &
L, = const = L, — latent heat at T,=273,16K s | Ry
€ L,or1 1 20 3
()=t -
€s0 Rv T TO i
B le0(1 1)1 ol — s
€s = €50€XP R, \T T, ~40 -20 ; czc) 20 40
L, = Lyo + Ac(T —T,), where Ac = ¢, — ¢; = const = 2317é Ty, = 0°C
| (es)_ LvO—AcT()(l 1)+Acl T eso = 611 Pa
New/ = R, \T Ty R, T 6]
Ac LUO — 2.5 ¢ 10 /kg
T\ /Ry Lyo—AcTy /1 1
=ealy) ew -7 7))

25 /47
Cloud Physics (2026-2027) Thermodynamics



APPROXIMATED SOLUTIONS OF CLAUSIUS-CLAPEYRON
EQUATION

Magnus-Tetens formula
Murray, F. W., On the computation of saturation vapor pressure, J. Appl. Meteorol., 6, 203-204, 1967

. 17.27(T — 273.15) |
Cs\) T S0 PN (T 2273.15) + 2377

Bolton formula
Bolton, D., The computation of equivalent potential temperature, Monthly Weather Review, 108,

1046-1053, 1980

) 17.67(T — 273.15) |
Cs\ T 0B PN (r 2273.15) + 243 5
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POTENTIAL TEMPERATURES
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POTENTIAL TEMPERATURES

The first and second laws dictate how temperature changes between a given state and a
reference state defined by its pressure pg, and phase distribution, given by the triplet

{Po, Qv 01}

The temperature in this reference state is called the potential temperature (denoted by 6)
as it measures the temperature the system would have to have in the reference state for
the entropy of this state to be identical to that of the given state.

Potential temperature is invariant under an isentropic process, but its properties and
absolute values depend on the choice of the reference.

The potential temperature, rather than the sensible temperature, is often preferred as a
state variable because it is invariant for reversible transformations of the air parcel.

It provides a convenient way to compare air parcels in different parts of the atmosphere,
where, for instance, the pressure or humidity may vary.
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POTENTIAL TEMPERATURE &

Reference state: {po, gy, q;} = {10°Pa, 0,0}

: R
9=T(—) k=—2%, p, = 1000 hPa
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EQUIVALENT POTENTIAL TEMPERATURE 4,

Reference state {py, Gy, q;} = {10°Pa, 0, q+}
All the vapor is condensed into liquid at p, = 1000 APa.

For historical reasons this particular reference state is called an equivalent state and
denoted by subscript ‘e’

Re Re qQvR
Po\ce qvLy R\ce re\~ Iéev
6. =T|—] Qcexp Q, == —
p CeT R.,) \e
R, = q4R, Q. is a factor that is very near unity, and
(because g,<<1) depends only very weakly
Ce = Cpg T Qt(cl - de) on the thermodynamic state.

e/ e, is relative humidity
R =Rg+q:(Ry — Ry)

30 /47
Cloud Physics (2026-2027) Thermodynamics



SATURATED EQUIVALENT POTENTIAL
TEMPERATURE

L
95 = Gexp <gsd;>
p

6. is only a function of temperature and pressure, so it measures the thermal structure of
the atmosphere.

6. is constant following a saturated pseudo-adiabat.
The word pseudo arises because formally the process corresponding to constant 6. is

similar to a reversible adiabat, but the removal of condensate upon condensation, as
implied by the use of q. instead of g, implies a loss of condensate enthalpy by the system,

hence it is not truly adiabatic.

The difference between 6, and 6, measures the subsaturation, as 6,< 6.
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EQUIVALENT POTENTIAL TEMPERATURE

6, is the temperature that an air parcel would attain if it was brought to 1000 hPa with all
water vapor contained in the parcel condensed.

Owing to the latent heat release 6, is higher than 6.

Unlike the dry adiabatic process, in which 8 can be found by bringing the air parcel to
1000 hPa, there is no atmospheric process in which the air parcel reaches 1000 hPa while
condensing out all the water vapor.

6, is a hypothetical moisture quantity.

The most often an approximate form of 8, is used:

L
06 — GEXp ((C,‘Ivd;-)
p
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LIQUID WATER POTENTIAL TEMPERATURE

The counterpart to the equivalent potential temperature is the liquid-water potential
temperature, which is the temperature an air parcel would have if were reversibly
brought to the reference state {py, q,,, q;} = {10°Pa, q,, 0 }.

Po\Cpe qiLy de\ cpe (R \Cpe €\ cpo
() - @F G
‘ p £ Cpr ¢ Qv R{’ €s

Cpe= Cpa T CIt(va - de)

Ry= qqRq + q:Ry,
R =Ry + q:(R, — Ry)

. . qlLv
Approximate form: 6, =0 exp| — e
pd
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ADIABATIC LAPSE RATE

The temperature of an air parcel moving vertically changes due to expansion work.

It is useful to write the first law in form of enthalpy:

dh = cpqdT = 6¢ + vdp in adiabatic process 6g = 0

CpadT —vdp =0

Hydrostatic equation: dp = —pgdz p = L
1%
vdp = —gdz
CpadT + gdz =0
dT 9.81m/s* K
dz Cpg cpa 1004]/kg-K km
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SATURATED MOIST ADIABATIC LAPSE RATE

) b
1+ -
¥ - normalized saturated y = “pd 4sPr ( R ) _ ‘pd_,
moist adiabatic lapse rate |11+ qsSr ( L'%) Cp
C
| pl /]

_0lng; L, dlngs Ly, 5400K
br=amr " R,Tdlnp R,T T

Cp = qdaCpa + qsCpy + 1€y

R =qqR4 + qsR,

qs + q; = const 35 /47
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SATURATED MOIST PSEUDO-ADIABATIC
GRADIENT

The presence of water vapor and liquid phase is neglected in gas constant and specific
heat.

1_‘s,pa = Vpard

L
1+qsp %
Y »a - NOrmalized saturated Voo = s R,;T
moist adiabatic lapse rate P 1+ L7,
s ¢ qR,T?
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STABILITY

conditional
instability

absolute stability

absolute

instability inversion (dTp/dZ > 0)
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STABILITY

Dry parcel movements Moist parcel movements
do/dz < 0 do/dz > 0 dfs/dz < 0 dfs/dz > 0
unstable stable unstable stable
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WATER CONDENSED IN SATURATED
ADIABATIC ASCENT

Adiabatic enthalpy equation of a closed system: dry air, water vapor, condensed water:

dh = c,dT + Li,dqs; dh = é¢ + vdp

0 = ¢pdT + Ly,dqs — vdp

dq, = —dqs _ g Y __9
dq, L d L dp dp - dz

dT

_ ¢ (dT g R

c

g — p_dr‘d
¢

c c c

dg, = 221, — 2T, |dz = 24T,(1 — y")dz
le de le

Cloud Physics (2026-2027) Thermodynamics
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WATER CONDENSED IN SATURATED
ADIABATIC ASCENT ......

Because ¢, = c,4then Iy = y'I; one can express q; as:
C C
pd pd
dq, = L_(Fd —I5)dz = L_Fd(]- —y"dz
lv lv
Let’s assume: L;, = const
C

Z Z
d / C d / /
a@ =2 [ -rar =2, [ a-yhds
lv lv

Zcl.base Zcl.base
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The amount of water condensed in a rising adiabatic parcel increases with the height above
the cloud base and increases with increasing temperature at the cloud base.

For shallow clouds (cloud depth not bigger than ca. 300-500 m, for instance stratocumulus
clouds) it can be assumed that the amount of condensed water increases linearly with
height above the cloud base (h).

The rate of this increase (c,) is approximately constant and depends on temperature and
pressure at the cloud base (T, pg).

q;(h) = Cq (To,po) -h  where h =2z — 2z pgse

Cpd -
For Ty = 20°C and p, = 1000 hPa cg=—Uy—Ts)=2- 1073 e
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Liquid Water Content (LWC) is the amount of liquid water per unit volume:

LWC =q;-p; p — density of the air

= P4, —T
d P Ly ( d s)dZ

LWe@) = p2) 2 j (T~ 1)dz’ = p(@) 2o, j (1-y)dz’

Zcl.base Zcl.base

For shallow clouds one can assume that the air density is constant, therefore:

LWC(z) = cw(To,po) * (z — Zcrpase) = cw(To,po) + h

~ 0L ) = p (T T il
~Pm( a—Is) =p (To,po ')Cq( 0, Po) -

Cloud Physics (2026-2027) Thermodynamics
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EUCREX
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