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Final exam

1. Consider waves in the rotating, flat-bottomed shallow water model on an f -plane.

(a) Linearize the set of equations for this model about the state of rest.
(b) Assuming plane wave solution of this system obtain the dispersion relation. The

phase of the wave can be expressed as ϕ = kx+ ly−ωt where k̄ = (k, l) is wave
vector and ω angular frequency.

(c) Find the group velocity vector of this wave.

2. Consider a barotropic zonal flow at 32oN which is east-directed. The flow encounters
a north-south-oriented mountain barrier. Before striking the mountain, the westerly
wind increases linearly toward the north at a rate of 2 m/s per 500 km. The crest of the
mountain range is 2.5 km high and the tropopause, located at 10 km, remains undistur-
bed.

(a) What is the initial relative vorticity of the air?

(b) What is its relative vorticity when it reaches the crest if it is deflected 3o latitude
toward the south during the forced ascent?

(c) Supposing the current had uniform speed of 13 m/s while crossing crest, what
would be the radius of curvature of the streamlines? Assume that while crossing,
the wind follows a portion of circular pattern.

(d) At what latitude would the air need to cross the mountains in order to keep its
original relative vorticity?

(e) Sketch the trajectory of the wind assuming that the initial relative vorticity is equal
to zero with comments on the sign of the relative vorticity throughout the crossing
process.

3. There is a counterclockwise rotating vortex in cyclostrophic balance, where the tan-
gential velocity is given by the formula:

Ū(R) = U0

(
R

R0 + 1

)m

êθ.

U0 and R0 are initial velocity and initial distance from the center respectively. Calculate
the circulation about a streamline at radius R, the vorticity at radius R, and the pressure
at radius R. Assume here that P0 is the pressure at R0 and that the density is constant.
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4. Consider the equations of motion in the form

∂v̄

∂t
+ v̄ · ∇v̄ = −1

ρ
∇p+ F̄ , (1)

∇ · v̄ = −1

ρ

Dρ

Dt
, (2)

where F denotes friction forces (per unit mass).

(a) Use the vector identities

v̄ · ∇v̄ = ∇
(
1

2
v̄2
)
+ ω̄ × v̄,

and

∇× (ω̄ × v̄) = (v̄ · ∇)ω̄ − (ω̄ · ∇)v̄ + ω̄(∇ · v̄)− v̄(∇ · ω̄),

to show that:

Dω̄

Dt
= (ω̄ · ∇)v̄ − ω̄(∇ · v̄) + 1

ρ2
(∇ρ×∇p) +∇× F̄ .

(b) Simplify the equation above for an inviscid, incompressible and barotropic flow.

(c) Use mass conservation [Eq. (2)] to show that

D ˜̄ω

Dt
= (˜̄ω · ∇)v̄ +

1

ρ3
(∇ρ×∇p) +

1

ρ
∇× F̄ ,

where ˜̄ω ≡ ω̄/ρ.

(d) Show that, for an adiabatic, inviscid, baroclinic flow,

DQ

Dt
= 0,

where

Q ≡ ˜̄ω · ∇θ

is the potential vorticity, and θ is the potential temperature satisfying

Dθ

Dt
= 0.

Hint: start by multiplying the inviscid form of the last equation from point a) by
∇θ from the left side. At the end, consider the orientation of 1

ρ3
∇θ · (∇ρ×∇p),

if θ = θ(p, ρ).
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