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THERMODYNAMICS IN VERTICAL
MOTION

1. Lifting condensation level (LCL)
2. Dew-point temperature variation in vertical motion
3. Pseudo-adiabatic process

= saturated adiabatic lapse rate
= water condensed in pseudo-adiabatic process

3 £ % UNIVERSITY
= OF WARSAW

. Thermodynamics (2025-2026) - 9




An air parcel that moves vertically expands or contracts to preserve its mechanical
equilibrium (adjusts its pressure to the environmental pressure).

This results in work being performed.

This work is done at the expense of internal energy, which alters the temperature and,
consequently, the saturation vapor pressure.

Saturation vapor pressure depends on temperature (assuming L;, = const.):

<es> le<1 1)
In[—)=-2(=-=
eso R,\T T,

The saturation specific humidity depends on pressure and temperature:

eS

L,(1 1 s = &7

e _ 2w (= p

ds _ S/esO _ exp[ Rv <T TO)] e
P B — 50
Aso  “/p, (p%) 90 = &7
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The saturation specific humidity in an air parcel:
increases as pressure decreases (with increasing altitude)

decreases sharply as temperature drops, which also occurs during upward motion.

Despite the exponential decrease in pressure with altitude, the dominant impact of
adiabatic cooling ensures that the saturation specific humidity of an ascending parcel
decreases monotonically.
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Lifting condensation level
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Consider a moist (unsaturated) air parcel ascending in thermal convection.

Under unsaturated conditions, the parcel’s specific humidity and saturation specific

humidity satisfy g, < g5 .
As the parcel rises, it performs work at the expense
of its internal energy.

The parcel’s temperature decreases at the dry
adiabatic lapse rate I';.

This decrease in temperature is accompanied by a
reduction in the saturation specific humidity g;.

Meanwhile, the parcel’s actual specific humidity g,
and potential temperature 8 remain constant.

Sufficient upward displacement will reduce the
saturation specific humidity, g,, to the level of the
actual specific humidity, g, .

The elevation where q,, = g, for the first time is
referred to as the

Thermodynamics (2025-2026) -9
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The defines the base of cumulus clouds that are fueled by air
originating at the surface.

Ag(z) — qs(2)

|

Qv Qs

Below the LCL, the parcel’s thermodynamic behavior

can be regarded as adiabatic. >
Avo Qv

This is because the timescale for vertical motion (from minutes in cumulus convection to
one day in sloping convection) is much shorter compared to the characteristic timescale

for heat transfer.
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Location of the LCL

As air expands adiabatically and cools, the relative humidity (f) increases as the
temperature and saturation mixing ratio decrease.

We will find the thermodynamic coordinates (T¢;, prcr) of the LCL — the point where the
air becomes saturated.

The change in relative humidity satisfies the following equation: f=—
d(Inf) = d(ne) — d(ney)

We will determine how e and e; depend on temperature during an adiabatic ascent.

According to Dalton’s law of partial pressures, the total pressure exerted by a mixture of
gases is equal to the sum of the partial pressures that would be exerted by each constituent
alone if it filled the entire volume at the temperature of the mixture.

_ miRL-T
pbi = v
pi T

Therefore: d(Inp) = d(lne).

Thermodynamics (2025-2026) -9
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The First Law of Thermodynamics for an adiabatic cpdl =vdp — ¢, dT =—dp

process in enthalpy form:

C
Because d(Inp) = d(Ine): d(lne) = Epd(ln T)

. . . _ le
Using the Clausius-Clapeyron equation: d(ne) = B Td(ln T)
v

The change in relative humidity satisfies the following equation:

d(Inf) = d(Ine) — d(Iney)

d(Inf) = %pd(ln T) — é“’T d(InT)

Thermodynamics (2025-2026) -9
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We will integrate the equation from initial conditions to conditions where saturation is
attained, indicated by f = 1 and T = T, ;. We will assume that L;,, = const.

1 TrcL c I
&E
jd(lnf’)zj (é’ RT{”) d(InT")
Ji T
C T eL 1 1
~Inf =ZIn== 4 Rw<T _?)
LCL

Equation can be solved numerically to obtain T ;.

The saturation pressure can be derived from the dry adiabat equation:

Cp

_ (TLCL> /k
PrcL = P _T
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An approximate equation for T, .; given initial values of T and f, is given by Bolton (1980).

f T (°C) T,,(°C) p.c, (hPa)
0,1 0 16 815
0,1 10 7 806
0,1 20 2 797
0,1 30 10 788
0,3 0 -8 896
0,3 10 1 891
0,3 20 10 886
0,3 30 19 880
0,5 0 5 938
0,5 10 5 935
0,5 20 14 932
0,5 30 24 929
0,7 0 -3 968
0,7 10 7 966
0,7 20 17 964
0,7 30 27 962

TLCL =

1 mF T2

T —55 2840

Bolton, D., 1980:The computation of equivalent potential temperature. Mon. Weather Rev., 108, 1046-1053
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Variation of dew-point temperature
with altitude
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During adiabatic ascent, the water vapor specific humidity, q,, remains constant until
saturation occurs.

The dew-point temperature decreases slightly during the ascent as pressure decreases.

We will calculate how the dew-point temperature changes during the ascent of an
unsaturated adiabatic parcel.

. . g . €Ly
The dew-point temperature satisfies the equation: dlne = P dT,

Ta
, — _ _ 9

The hydrostatic equation: dp = —pgdz — dlnp = — o7 dz p = RTp
From the Dalton’s law: dlnp =dlne dlne = —ﬁdz

ngv 9

ATy = ——=d

RTZ ¢~ TRT™

ATy _ Tig & Ti% | P9 .9

dz eL,T ¢,  el,T ¢ ‘T
For typical atmospheric values dT;/dz is TZc, 2802 - 1004
approximately 1/6 of the dry adiabatic lapse LT = 0622-25.106.300 ~ 166~ 1/6
rate. 15 /35
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At the saturation level, T becomes equal to T; (and to Ty ).

The lifting condensation level (LCL), z;¢;, is the altitude at which an air parcel becomes
saturated during adiabatic ascent.

The equation for the change in the dew-point temperature can be expressed in the form of
a change in the dew-point deficit: T — T,

> r :
dz gL, T d dz dz gL, T

dTy  Tic . dT dTq T?

When T = T,4, the saturation level has been reached, and the value of z;; can be

determined by integrating from the initial values (0, T, — T4,) to the saturation state
(Zc1, 0)-

Ty — T, is the dew-point depression at the surface.

0 ZICL T2,
d*p
d(T —T,;) = — 1-— [, d
—[ ( d) J < 8leT> ats
TO_TdO 0
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For a parcel lifted from the surface, the value of z;; can be estimated
(assuming dT,;/dz = —1/61Ty):
Zper = 0.12(Tg — Tgo)  [km]

Calculating the lifting condensation level provides a good estimate of the cloud base height
for clouds that form by adiabatic ascent.
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ADIABATIC
AND PSEUDO-ADIABATIC PROCESSES

1. Wet adiabatic lapse rate / saturated adiabatic lapse rate
2. Pseudo-adiabatic process
3. Water condensed in pseudo-adiabatic process

. Thermodynamics (2025-2026) - 9




Wet adiabatic lapse rate

If expansion work occurs rapidly enough, heat exchange with the environment remains
negligible.

If no moisture precipitates out, the parcel is closed and its behavior above the LCL is
described by a reversible saturated adiabatic process.

dh = ¢,dT + Ly, dq, First Law of Thermodynamics for
adiabatic processes
cp,dT + Ly,dq, —vdp = 0 dh = é¢ + vdp
dq, = dqg = % dT + % dp Water vapor is saturated
p
Qv = qS(T; p)
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It is convenient to express the partial derivatives of g, as logarithmic partial derivatives:

dqs _qsdIng 0qs _ gs0Ing;

OT T dlInT dp _?Blnp
dIng, dIng
Pr= Gt ho= dlnp

ds ds
dqs = ?ﬁTdT - ?dep

cpdT + Ly, %BTdT — le%ﬁpdp —vdp =0 dp = —pgdz
vdp = —gdz
ds ds _
(cp+le?,8T)dT+(leﬁ,8p+1)gdz-0 0= -2 gar
RT
L
ar  1+4sBp 37t
Saturated moist adiabatic lapse rate: [y = T dz =Jd I
Z el 17
Cp + qsﬁT T
20 /35
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We will calculate 3, and 7.

e
B geg B SES
ds p—(1—8e 1-_(1-g
p
dq q 1—¢
B —=_=(1
dIngg 1
b= =Tmg = (1) o] 1
dq, 1 deg 1—¢elde; |,
Pr T e.dr 7 ¢ ear®
dIngg dlneg 1—¢ dlneg
= =T 14+ ——- =T
T 9InT dT < T qS) dT
8 Ly, 5400K
T R,T"P T

Thermodynamics (2025-2026) -9
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dT  R,T?
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Saturated moist adiabatic lapse rate

R
1 + CIsﬁT ?v
le

I[l=g
Cp T qS,BT

R
Cpd 1+qSﬁT?‘U

L
Cp 1 + qSﬁT Cph’ly"

FS - Fd

dT
FS = —E_ ]/Fd

g 1+ qSﬁTﬁv

‘)/:

Cp 1+ CIS:BT CpT

y<1
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Cp = qaCpa T qsCpy T q,C;

R =q4R4 + qsR,
_ Ly, _5400K
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If no moisture precipitates out, the parcel is closed and its behavior above the LCL is
described by a reversible saturated adiabatic process.

This process depends weakly on the amount of condensate present (e.g., on how much of
the system’s enthalpy is due to the condensate).

Because the condensate exists only in trace amounts, its variation unnecessarily
complicates the description of the parcel under saturated conditions.

A simplification known as the pseudo-adiabatic process is often proposed:

The system is treated as open, and any condensate is assumed to be removed from the
parcel immediately as it is produced.

23 /35
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A pseudo-adiabatic change of state may be constructed in two steps:

1. Reversible saturated adiabatic expansion (compression), which results in the
production (destruction) of condensate of mass dm_. and a commensurate release

(absorption) of latent heat to (from) the gas phase.

2. Removal (addition) of the condensate of mass dm,.

24 /35
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Wet adiabatic vs pseudo-adiabatic lapse rate

R
de 1+ qSﬁT ?17

L
Cp 1 + QSﬁT Cph'}

[, =yIly Yy = Cp = qaCpa T qsCpy T q,C;

R = quRq + qsR,

Wet adiabatic lapse rate:

qq +q9s+q; =1 and qq = const, qs + q; = const

Pseudo-adiabatic lapse rate:

q; =0, qatqs =1
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Simplified version of I

In many textbooks, a simplified version of I’ is presented.

R — Rd
Cp — de
R qsLy
cpa 1+ 4sBr 7 LR
l_‘5 - )/Fd Yy = — V= 2
el CpaRy T2
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Non-dimensional lapse
rate y

pressure: 800 hPa

the air initially saturated at
300K

I, <T,

[y =yIy

R
C pd 1+qSﬁTﬁ

Cp 1+ qs,BT
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Non-dimensional lapse
rate y
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Water condensed
in adiabatic process

Adiabatic enthalpy equation for a closed system:  dh = ¢,dT + L;,dqs; dh = &g + vdp

dry air, water vapor, and condensed water:
0 = ¢,dT + Ly, dqs — vdp

dqz=—dqs=c—pdT—idp dp=—gdz
le le v
¢ g
dq, = —=dT +—=—dz
l le le
cp (AT g g g dT
= — | — 4 — [, =— =~ — ) .= ——
dql le <dZ T Cp> dz d de Cp s dz

C
dg, = L—p(Fd —TIy)dz

v
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The amount of water condensed in a rising adiabatic parcel increases with height above the
cloud base and with increasing temperature at the cloud base.

For shallow clouds (cloud depth not greater than ca. 300-500 m, e.g., stratocumulus
clouds), it can be assumed that the amount of condensed water increases linearly with
height above the cloud base (h).

The rate of this increase (c, ) is approximately constant and depends on the temperature
and pressure at the cloud base.

_ . _‘r g
q(h) =c4(T,p)-h; ¢4 = L —(Iq —T§) [kg—m
Liquid Water Content (LWC) is the mass of liquid water per unit volume of air:

LWC =q;-p; p — density of the air

For shallow clouds, it can be assumed that the air density is constant, therefore:

IWC =6, (T.p) - h; 6y =p7(Ty—T) [-5]
lv
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