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A lot of material in this lecture comes from:

Atmospheric and Oceanic Fluid Dynamics.

Available from www.princeton.edu/gkv/aofd

(and later book published by Cambridge University Press)

James Holton’s “An introduction to dynamic meteororlogy” is the must read textbook
and should be a companion to this course



Geophysical fluid
dynamics,

in its broadest meaning,
refers to the fluid
dynamics of naturally
occurring flows,

such as lava flows,
oceans, and planetary
atmospheres,

on Earth and other
planets.

We will focus on the
applications of
geophysical fluid
dynamics to the Earth’s
atmosphere and ocean.
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Eulerian specification of the flow.
The Eulerian specification of the flow field is a way of looking at fluid motion that

focuses on specific locations in the space (X) through which the fluid flows as time (t)
passes. Velocity V(X,t) characterizes the flow.
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Lagrangian specification of the flow
The Lagrangian specification of the flow field is a way of looking at fluid motion
where the observer follows an individual fluid parcel as it moves through space and
time. Position of the parcel is X(t) and properties evolve with time.
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Practical problem:

deformation of
Lagrangian parcel
In time...

R.A. Pielke, M. Uliasz, Use of meteorological models as input to regional and mesoscale air quality models — limitations and strengths,
Atmospheric Environment, Volume 32, Issue 8, 1 April 1998, Pages 1455-1466, ISSN 1352-2310, 10.1016/S1352-2310(97)00140-4.
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Both oceanic and atmospheric flows span over a wide range of scales: from global scale
down to viscosity scale.

Flow type

Scale (m)

Scale name

10"m (0.1 ym) or less

mean free path

viscous flow

10°3m (Imm)

dissipation-scale eddies

102?m (1cm)

small eddies

10"m (10cm)

dust devils, eddies, voritces, surface 1-10m
waves
wind blows, surface waves 10-100m
tornadoes, 100-1000m

turbulence

convective clouds, boundary layer
eddies

103%-10*m (1-10km)

mesoscale convective systems,
fronts,

sea current Ioops

10%-10°m (10-1000km)

mesoscale

hurricanes,

10°%-10°m (100-1000km)

low and high pressure systems

10°m (1000km)

synoptic scale

clobal circulation

10’m (10000km)

global scale




ATMOSPHERIC SCIENCE

c a “ We U n d e rSta n d c I 0 u d s Advances at the interface between atmospheric

and turbulence research are helping to
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Material and Eulerian Derivatives
The material derivative of a scalar (¢) and a vector (b) field are given by:

Dgp do Db db
— = 4+9-Vo, — = — + (v-V)b. (D.1)

Various material derivatives of integrals are:

o[, = [, (57 +ov-v)av = [ (5 + 7o)
$pdV = —~ 4 ¢V-v |dV = - +V-(gv))dV. (D2
¥

D
dv fv vdV, (D.3)
Dt
D¢
dV = == qy. D.4
D7 PP fFPDr (D.4)

These formulae also hold if ¢ is a vector. The Eulerian derivative of an integral is:

f ¢pdV = —dV (D.5)

p ot

50 that

d d 9
—f dV =0 and —f pr,de:f P? v (D.6)
dt } dr I V di



Governing Equations
Mass continuity in Eulerian approach:

consider the flow of mass in and out of a control volume
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Fig. 1.1 Mass conservation in an Eulerian cuboid control volume.

) d(pu) d(pv) I(pw
fﬂ_}_f[ﬂ}_}_f(ﬂ]ﬁ_f.ﬂ]]:ﬂl

dxdydz [ ‘ . : .
dt dx ady dz



= (.

d ] d(pv d(pw
dxovdz [E + : [,JDH] + : Fﬂl] + : {Ipu}]
dt dx dy dz

T

This [in brackets] equals ZERO, hence....

)
Liv-(v =0
dt
Continuity equation = conservation of mass, which in classical
mechanics is strictly fulfilled.

There are alternative derivations, consult Vallis book!!!

One example is by material derivative:

D
— (pAV)Y =0
D(ﬁ' )



Similar conservation laws are valid for any PASSIVE SCALAR carried by

the flow:
Dt .
D o

Any scalar with no sources or sinks (r.h.s. =0) is conserved!

E.g. temperature with no heat sources or sinks, dye....

THE ABOVE FORM OF EQUATION IS CRUCIALLY IMPORTANT
FOR ALL CONSERVATION LAWS IN FLUID DYNAMICS!

Notice in the |.h.s. the advection operator

@D

This stays for anything!!!



Conservation of momentum:

m(Xx,y,z,t) - the momentum-density field (momentum per unit volume),
m=pv
The total momentum of a volume of fluid is given by the volume integral.

The rate of change of a momentum is given by the material derivative, and
by Newton’s second law is equal to the force acting on it:

—/ puvdV —j FdVv
acceleration of
_f pvdV = / K fluid of density p

NOTICE THE FORM OF THE ABOVE EQUATIONI!
NO FORCE = CONSERVATION OF MOMENTUM...



The most common form of momentum equation:

d v
— 4+ (v - V)v = —
dt fo.

In the r.h.s. F stays for sum of ALL forces!

Which forces ??7?



1. Pressure force:

at the boundary of a fluid the pressure is the normal force per unit area

dF, = —pdS§.
pressure force pressure infinitesimal surface element

F, = -—-f pdS.
)

with application of divergence theorem one gets:

Fp, = -—/ VpdV
V



2. Viscosity force:

Many textbooks show that, for most Newtonian fluids, the viscous force
per unit volume is equal to pAv, where p is a coefficient of diffusivity.
This is an extremely good approximation for most liquids and gases.
With this term, the momentum equation becomes:

dv I 5
— 4+ (v-Viv=—Vp 4+ vV

Kinematic viscosity, v=u/p,
v~(mean free path)*(mean molecular
velocity)

w(kem™ts™) v (m*s7!
Air 5 107 .5 1072
Water 1.1 14 11107
Mercury 1.6 1073 1.21077




3. Gravity force.
Let's consider situation with negligible viscosity and important gravity.

Let's focus on a vertical component of the momentum equation
(along gravity acceleration).

vertical velocity component gravity acceleration
Duw 1 dp /
Sl o
Dt 0 0z

In static situation (no motion) vertical pressure gradient is balanced by
gravity acceleration, this is condition for hydrostatic balance:

d p

dz

= —pg.



Consider, that in many fluids density and pressure can be related.

In general, equation which allows to calculate density with use of other
properties of fluid is called a CONSTITUTIVE EQUATION (in a narrow
sense), or EQUATION OF STATE

E.g. for air ideal gas equation can be used as a goos approximation of
equation of state:

p=pRT
gas constant for air temperature

For pure water we usually use:

p = poll = pr(1 — 1)

thermal expansion coefficient ——— >

For ocean water relation is more complicated, salinity and pressure
should be accounted for.



Energy equation or the first principle of thermodynamics:

=7Tdyp— pda 4+ pndS

_ N

Internal energy per unit mass specific volu salinity
entropy chemical potential

In fact this is conservation equation for internal energy and can be
expressed in the form similar to these discussed earlier.
E.g. assuming that air is the ideal gas we can write:

dQ = dI + pdo

dQ = ¢, dT + pdao dQ = ¢, dT —adp

« = RT/p and and ¢ — ¢, = R



Let's consider the material derivative of internal energy:

D/f N Do Q

Dt fpr T ®
Dz Do : DI RT Dp :
i + p— ; or % — = (/).
*br P =0 "Dt p Dt ¢

Finally we get energy equation in form:

DT
-
" Dt




Adiabatic processes:

In adiabatic processes there are no sources and sinks of heat:
cpdl = adp

The potential temperature, O is the temperature that a fluid would have
If moved adiabatically to some reference pressure (often 1000 hPa,
close to the pressure at the earth’s surface). In adiabatic flow the
potential temperature of a fluid parcel is conserved, by definition:

D
D1

= ()

For an ideal gas:

dp =c¢p,dInT — Rdln p

cpdInt) = cpdInT — Rdln p



height

]

neulral
4] tabl . iy
R & Atmospheric stability
and meridional potential temperature distribution
% <0 g =0
By potential 7
temperature
Zonal mean potential temperature Annual mean
1% Kelvin
1000
2004 800
Isnu
| 500
300 450

400
375
350
340
330
320
310

-
2]

Pressure (hPa)
[+:] [L]
2 2

H,
]

8

|00



Consequently: reference pressure K:R/cIO
\;} K/
. R
7 )
?
Finally we may write a compact form of the energy
equation:

v

D¢ ﬁ'Q
ey
"Dt T



Forms of the Thermodynamic Equation

General form
For a parcel of constant composition the thermodynamic equation 1s

Dn :

0 DInd ]
— = or e =
Dt £

b~ 7Y Y

where 7 1s the entropy, ¢ is the potential temperature, ¢, In# = 5 and Q 1s the heating
rate. Appplying the first law of thermodynamics 7'dnp = dI + p da gives:

DI/ Do . DI :
D1 TP Di Y < Di i V=0 (he)

where I is the internal energy.



ldeal gas
For an ideal gas d/ = ¢, dT’, and the (adiabatic) thermodynamic equation may be

written in the following equivalent, exact, forms:

DT D D
€r - —p={]. —P+};ﬁ\7"-v={}.
D1 7 A" 0 2 0 )
c waV-v = 0, — =10,
v / D1
where 8 = T (pr/p)*. The two expressions on the second line are usually the most

useful in modelling and theoretical work.

Liquids

For liguids we may usefully write the (adiabatic) thermodynamic equation as a conser-
vation equation for potential temperature ¢ or potential density p,, and represent these
in terms of other variables. For example:

D¢ i approximatel
= Y 0 ~ \2pP " __ (T4a)
D¢ T + (Brgz/cp) (with some thermal expansion),
D very approximatel
Li S 2 i . Cha8)
Dt Lo+ (pogz/c}) (with some compression).

Unlike these are not equivalent forms. More accurate semi-empirical expressions
that may also include saline effects are often used for quantitative applications.



The Equations of Motion of a Fluid

For dry air, or for a salt-free liquid, the complete set of equations of motion may be

written as follows:

The mass continuity equation:

Z_f-k?-(pu}:[}‘ (EOM.1)

If density is constant this reducesto V- v = 0.

The momentum equation:

Duv Vp 5
— =——4+ vV + F, (EOM.2)
Dt 0
The thermodynamic equation:
o S (H ) 0 (EOM.3)
Dt cp \T ‘ N

where O represents external heating and diffusion, the latter being x V=6 where « is the

diffusivity.

The equation of state:
p=g(0, p) (EOM.4)

where g is a given function. For example, for an ideal gas, p = pg/(ROp*—1).



The real-scienific-life example:

1726 JOURNAL OF THE ATMOSFPHERIC SCIENCES VOLUME 6

Numerical Simulation of Cloud-Clear Air Interfacial Mixing

MIROSLAW ANDREJCZUK

Institute of Geophysics, Warsaw University, Warsaw, Poland

WOICIECH W. GRABOWSKI

National Center for Atmospheric Research,® Boulder, Colorado

SZYMON P. MALINOWSKI

Institute of Geophysics, Warsaw University, Warsaw, Poland

PIOTR K. SMOLARKIEWICZ

National Center for Armospheric Research,® Boulder, Colorado

(Manuscript received 25 October 2002, in final form 2 February 2004)



DIDt = ala¢ + vV o
B=g T”E(t}ru—qvn)—qf,
0

= —Vm + kB + vVy, (1a)
V.v= (1b)
gj = iCd + ViDL (1c)
%iv = 46, + 1wV, (1d)

DMD¥t = alot + (v — kv) -V

Andrejczuk et al., 2004




Cloud water
after 11s




Enstrophy
after 11s



Similar equations,
another application
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